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A GENERALIZATION OF PARALLELISM IN
RIEMANNIAN GEOMETRY, THE C* CASE

BY
ALAN B. PORITZ(")

Abstract. The concept of parallelism along a curve in a Riemannian manifold is
generalized to parallelism along higher dimensional immersed submanifolds in such
a way that the minimal immersions are self parallel and hence correspond to geo-
desics. Let g: N— M be a (not necessarily isometric) immersion of Riemannian
manifolds. Let G: T(N) — T(M) be a tangent bundle isometry along g, that is, G
covers g and maps fibers isometrically. By mimicing the construction used for iso-
metric immersions, it is possible to define the mean curvature vector field of G. G is
said to be parallel along g if this vector field vanishes identically. In particular,
minimal immersions have parallel tangent maps. For curves, it is shown that the
present definition reduces to the definition of Levi-Civita. The major effort is
directed toward generalizations, in the real analytic case, of the two basic theorems
for parallelism. On the one hand, the existence and uniqueness theorem for a geodesic
in terms of data at a point extends to the well-known existence and uniqueness of a
minimal immersion in terms of data along a codimension one submanifold. On the
other hand, the existence and uniqueness theorem for a parallel unit vector field along
a curve in terms of data at a point extends to a local existence and uniqueness
theorem for a parallel tangent bundle isometry in terms of mixed initial and partial
data. Since both extensions depend on the Cartan-Kahler Theorem, a procedure is
developed to handle both proofs in a uniform manner using fiber bundle techniques.

0. Introduction. The geodesics in a Riemannian manifold M, of dimension m,
can be described in two independent ways: they are the critical points for the
variational problem for minimal 1-dimensional area with fixed endpoints and they
are also the auto-parallels, the curves whose tangent vector fields are parallel.
More generally, the critical points for the variational problem for minimal p
dimensional area, 1<p<m, with fixed boundary are the minimal immersions.
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It is our intention to generalize the notion of parallelism so that in each dimension
the minimal immersions are also the auto-parallels.

Briefly, this generalization goes as follows. Given an (not necessarily isometric)
immersion g: N* — M™ of Riemannian manifolds, a tangent bundle isometry
(TBI) along g is a map between tangent bundles, G: T(N) — T(M), that covers g
and maps fibers isometrically. If g is an isometric immersion the tangent map
Tg: T(N) — T(M) is a TBI along g. The mean curvature vector field of a TBI is
defined in a way that generalizes the mean curvature field of an isometric immersion.
G is parallel if the mean curvature vanishes everywhere; see §3.1. In particular, min-
imal immersions have parallel tangent maps. It is shown in §3.2 that the definition
generalizes the usual notion of a parallel unit vector field along an immersed curve.

The main body of this paper is concerned with generalizations, in the C® case,
of the two existence and uniqueness theorems related to parallelism.

The first theorem asserts the existence and uniqueness of a geodesic in terms of
initial data: its tangent vector at a single point. The generalization, Theorem A (p),
is well known: A p-dimensional real analytic minimal submanifold is (locally)
uniquely determined by initial data, namely its tangent plane along N?~!, a
codimension 1 submanifold. See §4.3.

The second theorem asserts the existence and uniqueness of a parallel vector field
along an immersed curve in terms of initial data: its value at a single point. The
generalization, Theorem B (p), states that a parallel TBI along an immersion
N? — M is (locally) uniquely determined by initial data of two kinds: one is its
value along N?~1, any codimension 1 submanifold of N, the other is its value on
any (p — 1)-dimensional distribution which is in ““general position™ with respect
to NP1, See §5.4.

Since Theorems A (p) and B (p) both depend on the Cartan-Kahler Theorem, a
procedure is developed to handle both in a uniform manner. For this purpose, the
Cartan-Kahler Theorem, which is usually stated in terms of ideals of real-valued
forms, is restated in §1 in terms of differential forms with values in a vector bundle.
In §2, the Levi-Civita connection on M is used to obtain certain useful vector
bundle valued differential forms on the Grassmann manifolds ¥?(M) and ¥§(M).
The restrictions of these forms to the vertical subbundles of the tangent bundles
T%?(M) and T%%(M) yield important isomorphisms. In §3.3, the conditions for the
parallelism of a TBI are restated in terms of the vanishing of a vector bundle
valued differential form. The proofs of Theorems A (p) and B (p) then proceed
in §4 and 5, in a like manner. First, in §4.1 and §5.2, the desired solutions are
shown to be special integral manifolds of certain vector bundle valued forms on
appropriate bundles. Next, in §4.2 and §5.3, the conditions for the unique integra-
bility of these forms using Cartan-Kahler (the existence of regular integral planes
and the dimension of their polar spaces) are computed using the isomorphisms
obtained in §2. Finally, in §4.3 and §5.4, it is shown that the given initial data
satisfies these conditions and hence can be integrated to unique local solutions.
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For the C* version of Theorem B (p) proved under somewhat more specialized
hypotheses, see [7]. A global C* version of Theorem B (p) appears in [8]; it is not
known if the global real analytic version is true.

This paper is a continuation of research done at the Massachusetts Institute of
Technology in a doctoral thesis under the direction of I. M. Singer. I wish to
acknowledge my indebtedness to him and to thank him for his ever generous aid.
I wish too, to thank James Simons for several useful conversations during which
he shared with me some of his insights on the geometry of the Grassmann manifolds.

1. Differential forms and the Cartan-Kahler theorem.

1.1 Fiber bundles. Notation follows Bourbaki [3], with the exceptions noted
below. “Smooth” will mean real analytic or infinitely differentiable. If (B, M, )
is a smooth fiber bundle with base manifold M, total space B and projection =,
then the fiber =~ 1(x), x € M, is denoted B(x) with the exception that in the case of
the tangent bundle T(M) the fiber at x will be denoted M,. When f: N - M is a
smooth map of manifolds, Tf: T(N) — T(M) is the tangent map. f*B=Nx y B
={(x, b) € Nx B | f(x)==(b)} is the reciprocal image of B under f. f*B is a smooth
bundle over N whose bundle projection is projection on the first factor; by abuse
of notation this map is also denoted =. Projection on the second factor, f,.: f*B — B,
is a smooth f~-bundle map. If B is a principal bundle (vector bundle) then so is
f*B and f is a principal bundle (vector bundle) map. If w is a smooth section of B
there is a unique smooth section f*w of f*B such that f, o f*w=wo f. If h: E— F
is an f-vector bundle map then there is a unique N-vector bundle map A: E — f*F
such that f, o A=h. Furthermore, if F’ is a second vector bundle over M and
k: F— F' is an M-vector bundle map, then there is a unique N-vector bundle
map f*k: f*F—f*F' such that kof, = f,of*k. Similar statements hold for
principal bundles. Let (B, M, =, G) be a smooth principal bundle with group G.
For each o € G the right action of o on B is denoted r,: B— B; for b€ B ry,(b) is
usually written bo. Let G act on the left as diffeomorphisms of the manifold H.
Let Bx¢H be the set of equivalence classes of elements of Bx H under the rela-
tion: (b, h)~(b’, 1') iff there is o € G such that b’ =bo and h’'=0~*(h). The image of
(b, h) e Bx H is written b-he Bx®H. Bx%H is then the total space of a smooth
bundle over M whose projection is the map b-h+> m(b); Bx®H is the bundle
associated to B with fiber type H (and given action). In addition B x H is a principal
G bundle over Bx¢H whose projection is (b, h)— b-h. For fixed b € B the map
6,: H— Bx%H where 6,(h)=b-h is a diffecomorphism of H onto B xH (=(b)).
With f as above, f¥(Bx®H) and (f*B) x¢H are canonically bundle isomorphic;
(x,b-h)—(x, b)-h. If B'= B is a principal subbundle that reduces the group G
to a subgroup, then corresponding associated bundles are canonically isomorphic:
B'xSHx~BxC®H.

If (E, M, =) is a vector bundle, AP(E) is its pth exterior power; however, when
E=T(M), A*(T(M)) is abbreviated to A?(M). The pth exterior power of a vector
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bundle map h: E — F will be denoted A?(h): AP(E) — AP(F). Only real vector
bundles will be considered.

1.2 Differential forms. Let (F, M, =) be a smooth vector bundle, over M. A
differential p form on M with values in F is a smooth M-vector bundle map
w: AP(M) — F. The set of differential p forms on M with values in F is thus in
one-to-one correspondence with the smooth sections of the vector bundle
Hom (AP(M), F). Recall that for finite-dimensional vector spaces ¥ and W there
is a canonical isomorphism between Hom (A?(¥), W) and the space of alternating
p-linear maps of V into W. Applying this to vector bundles £ and F over M
yields a canonical M-vector bundle isomorphism between Hom (AP(E), F) and
Alt? (E, F). Consequently, if w is a p form on M with values in F, then for each
X € M, o|sra0x) Mmay be considered either as a linear map A?(M)(x) — F(x) or as
an alternating p linear map M, — F(x). If F=M x V, the space of differential p
forms on M with values in F will be identified (by composition with projection
on the second factor) with the space of differential p forms on M with values in
the vector space V. When V' =R, these are, of course, the real-valued p forms on M.

Let Fy, ..., F; also be smooth vector bundlesover Mando: F; ®--- @ F,—> F
a smooth / multilinear M-map. Suppose that for each i (1 <i</), w; is a pi-form on
M with values in F;, then there is a unique p=>Y!_, p, form w; Ao+ - Apw,on M
with values in F called the exterior product of the w; withrespect to . w; Ao+ - - A o @,
is defined by the formula: for vy, ..., v, € M,,

@3 Ao " Ao @(V1s s Upys Up b1y e s Uprapgs-vvsennsUp)

(1.2.1) = Z sg0 (O)P[w1(Zocrys - - -5 Votwp)s @2(Popy 413+ - > Vawy +p2)s - - > @I - + Vo))
(<3

where o runs over the (py, ps, . . ., p;) shuffle permutations of {1, 2, .. ., p}, that is,

if0=n=<I—1 and (using po=0) >7_o pi<i<j< >r*¢ by, then o(i) < o(j). In particu-

lar, if wis a 1 form with values in F, then APw is a p form with values in A?(F) and

APo(vy, ..., 0,) = plw(@®) A --- A o(vy).

Let f: N— M be smooth and w be a p form on M with values in F. Let
h=w o AP(Tf): A°(N) — F. Then £ (see 1.1) is a p form on N with values in f*F.
h will be denoted by 8fw and called the pull back of w under f; fy o 8fw=w o AP(Tf).
Pulling back commutes with exterior multiplication (for example, if p: F; @ F; — F
is as above, f*¢: f*F, @ f*F, — f*F and 8f(w; A o w3)=38fw; A ;.o 8fw;). Pulling
back is contravariant with respective to composition (if g: M — M is smooth,
3(g o f)ew=8f(8gw)).

Let (B, M, =, G) be a smooth principal G bundle and p: G — Aut V a represen-
tation of the group G on the finite-dimensional vector space V. Recall that a p
form « on B with values in V is p-equivariant if 8r,w=p(c~*) o w for each o € G.
w is m-horizontal if w(v,, . . ., v,)=0 whenever some v, is vertical (that is Tm(v;) =0).
Let E=Bx¢V be the vector bundle over M associated to B by p. If w is a p-
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equivariant, n-horizontal p form on B with values in ¥V, then «# the associated
form of w, is a p form on M with values in E defined as follows. If x e M and
vy, ..., Up € M, choose b e B(x)and 4y, . . ., D, € B, such that Tnp,=v,, i=1,..., p,
and put

(1.2.2) wHvs, ..., 0,) = b-aldy, . .., B,).

o? is a smooth form; for details see [6, pp. 98-99]. There is a canonical B-iso-
morphism

(1.2.3) m*E x BxV, (b, b-v) > (b, v).

The natural map =, : »*E — E, (b, )+ e is the composition of this isomorphism
with the bundle projection Bx ¥V — E, (b, v) > b-v. When #*E is identified with
B x V by means of (1.2.3) then

(1.2.9) dm(o?) = w.
If f: N— M is smooth then f,: f*B — B and
(1.2.5) f(wh) = (§f yw)*.

1.3 Differential ideals. Recall that an ideal in the ring of real-valued differential
forms on M is a differential ideal if it is finitely generated and closed under the
operations of exterior differentiation and projection into the homogeneous forms
of the various degrees. It will be assumed that there are no 0 forms (that is, func-
tions) in the differential ideals discussed here. If 74, . . ., 7, are a finite collection of
homogeneous forms on M, the ideal I(ry, .. ., 7,) generated by =, ..., 7, and their
differentials dr,, ..., dr, is a differential ideal, said to be the differential ideal
generated by 4, . . ., 7. Let I be a differential ideal on M. If EP< M, is a p-dimen-
sional subspace, then E? is an integral plane of I if 7|g»=0 for all 7€ 1. A sub-
manifold (N, f) of M is an integral manifold of I if 8f vanishes on N for all 7€
(equivalently if Tf(N,) is an integral plane of I for all x € N). The collection
I°(M) of all integral p planes of I is topologized as a subspace of the Grassmann
manifold of p planes ¥?(M). When p=0, E°< M, is identified with x, so by the
standing assumption I°(M)= M. If E*< M, the polar space of E* with respect to I,
H(E?, I), is the subspace of M, annihilated by all linear functionals of the form
i(vs A - -+ Avy)T where vy, ..., v,€ E?, 7is a g+1 form in I and 0<g=<p. Clearly
E? € I°(M) if and only if EP< H(E?, I). If EP~*< E?®, then E* € I*(M) if and only
if E'lc H(E?~1, I). E° is a regular 0 plane if the dimension of H(E®, I) is constant
for E° in a neighborhood of E°. An integral plane E? is regular if it contains a
regular integral p—1 plane and the dimension of H(E?, I) is constant for E? in
some neighborhood of E? in I?(M).

For each i=1,...,/let 7, be an 5, form on M with values in the vector bundle
(F, M, =). Suppose that F is associated to a principal bundle over M by the action
of its group as automorphisms of the k-dimensional vector space V. Let fi, .. ., f;

[y
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be any basis of V*. For x € M choose a vector chart ¢: 7~ Y%,) — %, x V over
some neighborhood %, of x. Define real-valued s; forms 7;; on %, by

7y = f; o (projection on V)ogo 7, 12ifsL,1£jsk

Then I(ry))=I(71y, ..., 7)) is a differential ideal defined on %,. If the forms
7;; are similarly defined using a chart ¢’ over %, it is easily verified that I(z;)
=[(r;;) over %, N %,. In particular, for each xe M, 7,,..., 7, define an ideal
I(ry, ..., 7, X)=I(7;;)| m, in the Grassmann algebra A(M¥). E?P< M, is an integral
plane of (r1,..., ) if it is an integral plane for some I(r;;) (equivalently if
I(7y, ..., 71, X)|gr=0). (N?, f) is an integral manifold of (vy, . .., 7)) if 8fry, ..., 8f7
vanish on N? (equivalently, if Tf(NZ2) is an integral plane of (ry,..., 7;) for each
x € N?). Let H(E?, (ry,..., 7))=H(E?, I(7,)) and define an integral plane E?
of (ry, ..., 7) to be regular by replacing H(E®, I') with H(E?, (..., 7)) in the
definition above (equivalently, by requiring E? to be a regular integral plane of
some I(7)).

1.4 The Cartan-Kahler Theorem. A proof of the following theorem appears in
[S, pp. 19-28]. It is a preliminary form of the Cartan-Kahler Theorem.

THEOREM 1.4.1. Let I be a differential ideal on the manifold M. Suppose that (N*~1,
inclusion) is a (p— 1)-dimensional integral manifold of I whose tangent plane N%~*
at x is a regular integral plane with dimension of H(N2~1, I) equal to p.

Then, assuming all the data is real analytic, there is a neighborhood % of x
in M and a unique real analytic p-dimensional integral manifold (N°®, inclusion)
of I passing through x, contained in % and containing the connected component
of N*~* N\ % through x. Moreover, No=H (N2~ 1, I).

In view of the preceding discussion this theorem remains valid when the differ-
ential ideal I is replaced by a finite set (4, . . ., 7,) of differential forms on M with
values in a vector bundle F. In fact, work within a single neighborhood %, of x
and translate from (7y, ..., 7)) to I=1(7).

2. Standard spaces, bundles and isomorphisms.

2.1 Standard spaces. Let Euclidean space, R™, be equipped with its standard
inner product in which r;=(1,...,0),...,r,=(0,...,0,1) is an orthonormal
basis. Via ry,..., rn, O(m), the group of isometries of R™, is identified with the
group of mxm orthogonal matrices. riA--- Ar, € A™(R™) is the standard
orientation of R™. The subgroup of orientation preserving isometries, SO(m), is
identified with the orthogonal matrices of determinant one. Finally, the Lie
algebra o(m) of O(m), that is, the set of skew adjoint transformations of R™, is
identified with the skew symmetric m x m matrices.

For any p, 0<p<m, the subspace span {r, ..., r,} of R™ is identified with R?
and the subspace span {r, 1, . . ., rn} is identified with R™~? in the obvious manner.
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This yields an orthogonal direct sum decomposition
R™ = R @ R™~?, RP < R™, R™-? < R™

O(p) and SO(p) are then identified with subgroups of O(m) which act as the
identity on R™~?, while O(m—p) is identified with the subgroup that acts as the
identity on R®. In particular, using the matrix notation:

G 0
G x O(m—p) = (_—_
O(m—p)

0
o(p) is identified with the subalgebra of o(m) whose members annihilate R™~?,
o(m—p) is identified with the subalgebra whose members annihilate R? and
Hom (R?, R™~?) is identified with the subspace whose members carry RP into
R™~? and R™-* into R’. Together these spaces yield a direct sum decomposition

2.1.1) o(m) = o(p) @ o(m—p) ® Hom (R?, R™~?)

which in matrices is the correspondence

) < O(m), G = 0(p) or SO(p).

(’é —BC t) (4, B, C).
Similarly, if 0<g<p<m, R"=R* ® R*~¢ @® R™~". Set
(g, p) = O(9)x O(p—g) x O(m—p) < O(m)
S T(g, p) = (g, p) N [SO(p) x O(m—p)] < O(m).

Furthermore, o(q) ® o(m—gq) has a direct sum decomposition

(2.1.2) o(q) ® o(m—q) = o(q) ® o(p—q) ® o(m—p) @ Hom (R*~9, R™"?)

which in matrices is the correspondence

and

40 0
0 B —D'|«(4,B,C, D).
0 D C

If ¥V and W are vector spaces and U<V is a subspace, then Hom (U; V, W)
denotes the subspace of Hom (¥, W) consisting of the homomorphisms whose
kernels contain U. In particular, there is a direct sum decomposition

(2.1.3) Hom (R?, R"~?) = Hom (R*~%; R?, R"~?) @ Hom (R?; R?, R™"?),

Here T+ (T,, T,_,) where T,,=T o (projection on R¥), k=g or p—gq. If o(q)
@ o(m—q) is included in o(m) then using the decompositions 2.1.2 and 2.1.1,
Hom (R?-%, R™-?) is included in Hom (R?, R™"~?) as the subspace

Hom (R?; R?, R™~?),
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Suppose x: K— Aut (V) and A: K — Aut (W) are representations of the group
K as automorphisms of the vector spaces V and W.

x® A K—Aut(V® W) is defined to be the representation such that
(x @ N(k)=x(k) D MKk).

Hom (x, A): K— Aut (Hom (V, W)) is defined to be the representation such
that Hom (x, A)(k)T=A(k) o T x(k~1) for each T € Hom (V, W).

Let G be O(p) or SO(p) in the following two paragraphs.

I: O(m)— O(m) is the identity representation. Its restriction to G x O(m—p)
preserves the splitting R"=R? @ R™~? and hence decomposes into a direct sum
Py @D pm-p, Of subrepresentations where

pp: GXO(mM—p)—G and p,_,: GxO(m—p)— O(m—p)

are the projections.

Ad™: O(m) — Aut (o(m)) is the adjoint representation; Ad™=Hom (I, I). Its
restriction to Gx O(m—p) preserves the splitting o(m)=o(p) ® o(m—p) ®
Hom (R?, R"~?) and decomposes into a direct sum Ad?o p, @ Ad™ Pop,_,
@ Hom (p,, pn-p) Of subrepresentations. In fact, if o=(o,, 6,,-,) € G x O(m—p),

g 0 \/4 —CH/fo;' O
m B = 4 14 )
Ad™()(4, B, C) (0 a,,,_,,)(C B )( 0 o;l,
= (Ad? o p,(0)4, Ad™ " o py,_,(0)B, Hom (py, pm-5)(0)C).
Thus, for the subgroups G x O(m—p):

(2.1.42) I= 0y @ pucsp
and
(2.1.4b) Ad™ = Ad?o p, @ Ad" "0 p,_, @ Hom (py, p-5)-

Let G denote I'(g, p) or ST'(q, p) in this paragraph. The restriction of p, to G
preserves the splitting R?=R? @ R?~? and so decomposes into the direct sum of
subrepresentations

(2.140) Po = Pa D pPy-q

where p, and p,_, are the projections of G into O(g) and O(p—gq) respectively.
The restriction of the representation Hom (p,, pn_,) to G preserves the splitting
2.1.3 and decomposes into the direct sum of subrepresentations

(2.1.4d) Hom (p,, pm—p) = Hom (p; @ Jp-gs Pm-p) @ Hom (J; D pp—g5 Pm-5)
where J,.: G — O(k), k=q or p—gq, is the trivial representation.

The homogeneous spaces

1. 9°(R™)=0(m)/[0(p) x O(m—p)],

2. GYR™)=0(m)/[SO(p) x O(m—p)],

3. 9°(R"; R)=[0(q) x O(m—q))/T(g, p),

4. Gy(R™; R)=[0(q) x O(m—q))/ST(q, p), 4=p,
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are Grassman manifolds; in each of them the coset of o is identified with the p
plane P=o(R?). In the second and fourth, P is an oriented plane, P*, where
+=0a(r)A--- Ao(r,)=AP(c)(ri A - - - Arp) € AP(P). In cases three and four, P
contains the subspace R?=a(R9).
dim #?(R™) = dim 95(R™) = p(m—p);

dim ¥?(R"; R?) = dim 9§(R"™; R%) = (p—q)(m—p).
The inclusion map O(gq) x O(m—gq) — O(m) induces smooth maps

@°(R™; R — 9°(R™) and %5(R™; R — F5(R™).

These maps embed their domains homeomorphically as submanifolds of their
ranges, [4, p. 115, Proposition 4.4]. Under the interpretation, above, of the elements
of the homogeneous spaces as p planes in a fixed vector space R™, these embeddings
may be taken to be inclusions. Consequently, the two diagrams

0(q) x O(m—q) ——> O(m) 0(q) x O(m—q) —— O(m)
(2.1.5) [ l and 1 l
PR™; R) ——> F(R) IH(R™; RY) —— F3(R")

commute where the vertical maps are bundle projections. Thus at the identity of
0(q) x O(m—gq), there are commutative diagrams:

o(q) ® o(m—q) ——> o(m) o(q) ® o(m—q) ———> o(m)

(2.1.6) l l and l ' l
i i

GP(R™; RYpe GP(R™)ge B(R™; R)gr+ ———> FB(R™)gr +

In (2.1.6) each left-hand projection annihilates the vertical subspace o(q) @
o(p—q) @ o(m—q) ® 0 and thus maps Hom (R?~9, R™?) isomorphically onto
its image. Similarly the right-hand projection annihilates o(p) @ o(m—p) @ 0 and
maps Hom (R?, R™~?) isomorphically onto its image.

PROPOSITION 2.1.1. There are canonical isomorphisms

@?(R™, RY),» ~ Hom (R*-%, R™~7)
and
%?(R™)z» ~ Hom (R?, R™~?).

When %°(R™; RY) is included in 9*(R™) as a submanifold, 9°(R™; R%)y» is carried
onto the subspace Hom (R%; R?, R™"~?) of %¥°(R™)z» by the transformation that
sends T: R°P~1— R™?into0 @ T: R* @ RP~9=RP — R™~?, The same result holds
Jor the oriented Grassmannians ¥5(R™; R%) and 9%(R™) at R**.
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Proof. The isomorphisms are those that arise from diagram (2.1.6). The trans-
formation ¥°(R™; R%)gr — 9P(R™)gr is found by using the decompositions (2.1.1),
(2.1.2) and (2.1.3) in the diagram (2.1.6). Q.E.D.

2.2 Standard bundles. Let (F(M), M, =,, O(m)) be the bundle of frames of the
Riemannian manifold M; dim M=m. An element b e F(M) will be considered
interchangeably as the isometry b: R™ — M, or as the frame

{e1,.. ., en|e,=b(r),i=1,...,m}
The associated bundle
(F7(M) = F(M)x°™F"(R™), M, p,)
is the Grassmann manifold of p planes tangent to M. b- P is considered as the plane

b(P)= M. There is a principal fibration (F(M), 9°(M), =, O(p) x O(m—p))
where 7,(b)=b(R"). The associated bundle

(98(M) = F(M)x ™ GE(R™), M, po)

is the Grassmann manifold of oriented p planes tangent to M. b-P* is considered as
the plane b(P)<= M, with the orientation it inherits from P* via b. There is a
principal fibration (F(M), ¥5(M), my, SO(p) x O(m— p)) where my(b)=b(R?)* and
+ =b(ry) A - - - Ab(r,). The opposite orientation to + will be denoted —. Thereis a
principal fibration (95(M), 9°(M),z, O(1)) where z(P*)=P. This fibration is
preserved by the antipodal map A,: 93%(M)— 45(M) where Ay(P*)=P7%. The
bundle projections are summarized in the commutative diagram:

. F(M)

2.2.1) (M) l > 9(M)
Po M P1

Let

(97 = F(M)x omxom=-» R G»(M), projection),

(%* = F(M)x o@xotm=-p gm=»_G2( M), projection),
(95 = F(M)xSomxom-n Re_g8( M), projection) and
(9§ = F(M) x Somxom=n pm-»_ Gp(M), projection)

be the vector bundles associated to F(M) by the representations p,, pm-_p,
Pol 50t x 0tm — 3 ANA P — o] 500> x 0(m - py TESPECEively. The bundles 4™ and %7 are called
the canonical vector bundles and the bundles ¥+ and 3§ are called the canonical
normal bundles. These names are used for the following reason. If b € F(M), let
x=my(b), P=b(RP)=my(b), P* =mo(b) Where + =AP(b)(ryA --- Arp),and | P< M,
be the orthogonal complement of P< M,. If r belongs to R? or R™~? (as the case
may be) consider b-r as b(r) € M,. Then the fibers ¥7(m;(b)) and Ff(mo(b)) are
identified with P and the fibers ¥*(=,(b)) and F{§(my(b)) are identified with | P.
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These four bundles are thus Euclidean vector bundles. That is, the fibers are
equipped with inner products that vary smoothly with the base point; <b-r, b-s>
=<b(r), b(s)> =<r, 5.

Hom (%7, ¥*) and Hom (%7, ¢¢) are the vector bundles associated to F(M)
by the representations Hom (p,, py - ) and Hom (p,, pm - )| sow) x om - py FESPECtively.

4T @ 9* and ¥T @ ¥ are the vector bundles associated to F(M) by the repre-
sentations  p, @ pn-p=Ilomeom-» and p, D Pn-p|someom-»=1|someom-2»
respectively. Since the tangent bundle T(M)=F(M) x °™ R™ is the vector bundle
over M associated to F(M) by the representation I, so pFT(M)=p¥F(M) x °™ R™
is the vector bundle over ¥?(M) associated to p¥F(M) by the representation I
by §1.1. But F(M) is a reduction of the group of p¥F(M) (namely O(m)) to the
subgroup O(p) x O(m—p). Hence, by §1.1, there is a canonical isomorphism

(2.2.2a) GT P Gt = p*T(M); b-r+b-s (my(b), b(r + s)).

By the same reasoning,

(2.2.2b) 95 @ 95 = piT(M).
Similarly,

(2.2.3a) GT x 2+,
(2.2.3b) Y5 = z*G

The bundle 47 has as additional structure, a canonical orientation, that is, a
natural cross section c: ¥5(M) — AP(FF) of its p fold exterior product. For
P* e (M), 4(P*) has been identified with P. Define ¢(P*)=+. A routine
computation using a local section of F(M) over ¥5(M) shows that ¢ is a smooth
section. With respect to the Euclidean structure on AP(%Y), c is a unit cross section.
For each g, 0 <g <p, c determines a smooth vector bundle map

h: AYFT) — AP-9(ZT)

as follows: if u € A¥7)(P*) and v € AP~YZL)(P*), then {h(u), v)=L{c(P*), u Av.
In particular, ifg=p—1and v; A --- A v,=+, then

(2.2.4) h(vl A AVi_1 A Vg1 A+ A Up) = (— 1)”"0,.

2.3 Standard isomorphisms. The vertical subspace of the tangent space at a
point b of a bundle B will be denoted V' (b), however, if B is the total space of several
fibrations the different vertical subspaces will be distinguished by superscripting
V(b) with the appropriate bundle projections.

Let ¢ be the one form of the Riemannian connection on F(M); see [2, pp. 129-
131]. If g,: O(m) — F(M)(my(b)) denotes the diffeomorphism o+ bo, then ¢
is an Ad™-equivariant form with values in o(m) such that

(2.3.1) ?lvrawy = [T8bligentrey] ™2



472 A. B. PORITZ [December

Pp> Pm—p and @, ,_, will denote the composition of ¢ with, respectively, the first,
second and third projections in the decomposition (2.1.1). There is, for each
b e F(M), a commutative diagram

0(m) 22— F(M)(mylb))

GP(R™) ———> G(M)(m3(b))

where 7= and =, are bundle projections and 6, is the diffcomorphism P+> b(P).
At the tangent space to the identity of O(m) there is then a commutative diagram

o(m)—— B, yep)

Tﬂ'l l T77'1
0

SR — s V75
As in (2.1.6), ker Tr=o0(p) ® o(m—p) so that
(2.3.2) V*(b) = ker T, = Tgy(o(p) @ o(m—p)).
Thus by (2.3.1),
Pom—plvrie =0

and @, ,_, is a m-horizontal form. By (2.1.4b) ¢, ,_, is Hom (p,, pn_,) equi-
variant. Let ®=¢, ,,_,* (see (1.2.2)) be the associated one form on ¥?(M) with
values in Hom (97, %4). .-, is also wy-horizontal; ®y=¢, ,_,* will denote the
corresponding one form on ¥5(M) with values in Hom (%47, ¢%). Plainly, 8z0 = ®,.

PROPOSITION 2.3.1. The restriction of the form ® to the vertical subbundle V*:
of the tangent bundle T(9°(M)) is a 9°(M)-isomorphism of V*1 onto Hom (97, 4*).
In particular, V?1(P)~Hom (P, | P). Similarly, ®, defines a 95(M)-isomorphism
of V?o onto Hom (9%, 4¢) and V*o(P*)~Hom (P, | P).

Proof. Suppose P==,(b). By (2.3.2)
Try: Tg,(Hom (RP, R™~?)) — V?:(P)
is an isomorphism. Thus,
®(V?(P)) = O(T, o Tg,[Hom (R®, R™-?)])

=b '(‘Pp.m—p(Tgb[Hom (Rpa Rm_p)]))
= b-[Hom (R?, R"~?)] = Hom (P, | P) = Hom (97, 4)(P).

The oriented case proceeds in the same way. Q.E.D.
The isomorphisms in the proposition are in fact independent of the choice of
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connection since they depend on ¢ only through the equivariance and (2.3.1);
properties shared by all connections.

Let H=Xker ¢ be the horizontal distribution on F(M) associated with ¢. Then
K=Tm H=ker ® is a distribution on ¥?(M); as a subbundle of T(¥*(M)) itis a
complement to V7. K is the horizontal distribution on %?(M). Similarly, K,
=TmoH=ker @, is the horizontal distribution on 95(M). By (2.1.4b), ¢, ® ¢n_»
is Ad"|¢xomm-p=AdPo p, @ Ad™"?o p,_, equivariant and is the one form of a
connection on F(M) over 4?(M) or ¥5(M). The horizontal distribution of this
connection will be denoted H: H(b)=H(b)+ Tg,(Hom (R, R™~7)).

Let w be the natural one form on F(M); w(b)=b"'0 Tm,. w is a 7, horizontal,
I-equivariant form with values in R™. w#, the associated one form on M with values
in T(M) is the identity map. w, and w,_, will denote the compositions of & with
the first and second projections respectively in the decomposition R™=R? @ R™~*.
From the first structural equation of the Riemannian connection, do= —¢ A w, it
follows that
(2.3.3a) dw, = —@p, A 0+ (Pp;m-p) A wy_pand
(2.3.3b) Awp-p = —Ppm-p N Op—@Pu-p N Wp_p.

w, and w,_, are each m, and =, horizontal; by (2.1.4a), w, is p,-equivariant while
®p_p IS pm_p-equivariant. Let o"=w,? and w!'=w,_,* be the associated one
forms on ¥7(M) with values in 7 and ¢* respectively. Similarly define w{=w,*
and w§ =w,,_,* on ¥E(M) with values in ¥7 and ¥} respectively. Plainly wf=8zw”
and w}=08zw'. Suppose that ue ¥°(M)p; choose be F(M)(P) and & e F(M),
such that T (1) =u. Then

oT|p(u) = b-(w,(@1)) = b-(projection on R? o b1 o Tmy(it)).
So under the identification of ¥7(P) with P for any P € ¥3(M)

(2.3.4a) »T|p = (projection on P)o Tp;.
Similarly

(2.3.4b) w'|p = (projection on | P)o Tp,
and, for any P* € 95(M)

(2.3.5a) w(|p+ = (projection on P)o Tp,,
(2.3.5b) w§|p+ = (projection on | P)o Tp,.

In particular, o @ w'|x: K— 97 @ 9+ and wf+wg|k,: Ko — 95 D Y5 are
%?(M) and ¥5(M) vector bundle isomorphisms respectively. Thus
o’ ot @ O: T(9"(M)) — 9T ® 9+ @ Hom (47, ¥)
and
wf @ ws @ Do T(¥8(M)) — 95 ® 95 @ Hom (95, %)
provide direct sum decompositions of the tangent bundles of the Grassman mani-
folds.
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Let D be a smooth g-dimensional (g < p) distribution on M. The bundle of adapted
Sframes of D is the submanifold F(D)< F(M) where
F(D) = {be F(M) | b(RY) = D(m3(b))}-
(F(D), M, =,) is a principal fibration that reduces the group of F(M) to O(q)
x O(m—q). Thus 9°(M) and F(D) x 0@ *0m-o g»(Rm) are canonically isomorphic.
The associated bundle
(@°(D) = F(D)x 0@*om=0 go(R™; R, M, py)
is the bundle of p-planes containing D. b-P € 9°(D) is considered as the plane b(P)
<=M, and it contains b(RY= D(my(b)). The inclusion ¥?(R™; RY) — ¥°(R™) of
(2.1.5) induces an inclusion i: 9°(D) — %¥?(M) as a subbundle over M. The reci-
procal image i*F(M)=F(M)|%*(D) is a principal O(p)x O(m—p) bundle over
@7(D). F(D) is also a submanifold of F(M)|%7(D) where b € F(D) is identified
with (b(R?), b)=(P, b) € F(M)|97(D). (F(D), 4?(D), m,) is a principal fibration
that reduces the group of F(M)|9?(D) to I'(q, p). In particular, ¥7|%47(D) and the
vector bundle F(D)xT@? Rr  associated to F(D) by the restriction of p, to
I'(g, p) are canonically isomorphic. Thus, by (2.1.4c) ¥7|%?(D) decomposes into a
direct sum of subbundles
(971 = F(D)xT@» R 4?(D), projection)
and
(@7?-1 = F(D)xT@» Rr-a 47(D), projection)
associated to F(D) by the representations p, and p, _, respectively. By the identifica-
tion 97| %?(D)(P)=P, b-r+> b(r), there is a natural isomorphism ¥™-%(P) = D(p,(P))
and a natural isomorphism #7-?~9(P)~ P N | D(p,(P)). Similarly,
Hom (97, 94)|97°(D)

and the vector bundle F(D)xT@»Hom (R?, R"~?), associated to F(D) by the
restriction of Hom (p,, pm_,) to I'(g, p), are canonically isomorphic. By (2.1.4d)
the bundle Hom (¢7, )| 97(D) decomposes into a direct sum of subbundles

Hom (¢7-»-9; ¥7|97(D), 9*|97(D)) = F(D)xT@»Hom (R?~?; R?, R""?)
and
Hom (¢79; 47|97(D), 9*|97(D)) = F(D)xT@»Hom (R%; R?, R""?),
associated to F(D) by the representations Hom (o, @ Jp_g, pm-p) and
Hom (J, @ pp—q pm-p) respectively. There are natural isomorphisms
Hom (47-?~%; 47|9?(D), 9*|9*(D))(P) ~ Hom (P N | D(p,(P)); P, LP),
Hom (9™%; 97|9*(D), 9*|9°(D))(P) ~ Hom (D(p.(P)); P, LP).
(9%(D), M, p,), the bundle of oriented p planes containing D, is constructed in
the same way; (F(D), ¥%(D), m,) is a principal ST'(g, p) fibration and the vector

bundles ¢3¢ and %+? - are associated by the representations p, and p, _, restricted
to ST(q, p), respectively.
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PROPOSITION 2.3.2. Let D be a smooth g-dimensional distribution on M; q<p.
When (97(D), i) is considered as a submanifold of 9*(M), the restriction of 8i®
to the vertical subbundle V?*v'? of the tangent bundle T%?(D) is a 9°(D) isomorphism
of V?1'D onto the subbundle

Hom (¥979; 47| 9*(D), %*|%4"(D))
of Hom (97, 9*)|97(D). In particular, V*°(P)xHom (D(p,(P)); P, 1 P). Simi-
larly, 8i®, defines a 9%(D) isomorphism of V?*o'? onto
Hom (#34; 95|95(D), 94|95(D))
and V?o-P?(P*)~Hom (D(po(P*)); P, 1 P).
Proof. Let P € ¥7(D) and choose b € F(D) so that 7,(b)=P. The diagram

0(g) x O(m—g) ———— O(m)

J &b 8v
F(D) > F(D)(ms(b)) ———> F(M (b)) < F(M)

m my

$%(D) > FH(D)ms(b) ——> F(M)mo(B)) < F*(M)

commutes, where each i is inclusion, each =, is bundle projection and each g, is
the diffeomorphism o+> be. Thus at the identity of O(q)x O(m—gq) there is a
commutative diagram

o(g) ® o(m —q)——> o(m)

Tg, Tg,
Ti

V52:D(b) —— > Va(b)

Tﬂl T'IT 1

Ti \
VPuD(P)—— V?1(P)
where V*2-2(b) is the vertical subspace of F(D), as a bundle over M, V?1-?(P) is the
vertical subspace of ¥?(D), as a bundle over M, each horizontal map is injective,
each Twm, is surjective and each Tg, is bijective. As in the proof of Proposition
2.3.1,

Tny: Tgo[Hom (R?, R™~?)] — V?i(P)
is an isomorphism. Hence, by the commutativity of the preceding diagram and
(2.1.2),
)] Tm,: Tg[Hom (RP~9, R™~?)] — V*-P(P)
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is an isomorphism. Thus
ix8i®(VP1r2(P)) = O(Ti(V*+'P(P))) = ®(Tm, o Tgy o i(Hom (R*~%, R™~7)))
= b'(‘Pp.m—p ° Tg,,(Hom (Rq; R?, Rm-p)))
= b-(Hom (R%; R?, R""?)) = iy[b-(Hom (R?; R®, R™~7))]
= iy[Hom (97%; 97| 97(D), ¥*|9*(D))(P)]).
The proof for the oriented Grassmann manifold proceeds similarly. Q.E.D.

The isomorphisms in the proposition are again independent of the choice of
connection. Using (*) it is easy to establish a canonical %¥”(D) isomorphism
VPrPxHom (97°2~9, @1) directly. This comment and Propositions 2.3.1 and 2.3.2
may be considered as an extension of Proposition 2.2.1.

Let f: N— M™ be a smooth map and D a smooth g-dimensional distribution
along f (that is, D(x)< M/, for each x € N). Assume that ¢<p<m. The bundle
of adapted frames of D is the submanifold F(D) of f*F(M) where

F(D) = {(x, b) e f*F(M) | b(R?) = D(x)}.

(F(D), N, ) is a reduction of f*F(M) to the subgroup O(g) x O(m—gq) so that
F(D)x c@xom-agp(Rm) and f*%P(M) are canonically isomorphic. (¥7(D)
= F(D) x 0@ xom-age(Rm. R N, p,) is the bundle of p planes containing D and
is included, i: 9°(D) —f*%?(M), as a subbundle over N. F(D)<i*f*F(M)
=f*F(M)|9°(D). (F(D), 97(D), m,) is a principal fibration reducing the group of
[*F(M)|97(D), namely O(p) x O(m—p), to the subgroup I'(g, p). In the manner
described above, this reduction induces splittings of the vector bundles

(f)*97|97(D) and (f,)* Hom (¢7, 9)|9*(D)

as follows:

(2.3.62) S E7|97(D) = (f)*97° @ (f)*e7>",
(f»)* Hom (97, 94)|97(D)

(2.3.6b) = Hom [(f,)*%7; (fL)*97|97(D), (f)*%*|9°(D)]

@ Hom [(f,)*¥™?~% (f)*97|97°(D), (f:)*¥*|97(D)]
(f% is the natural map: f*9°(M) — 97(M)).

The construction of the vector bundles over the bundle of oriented p planes
containing D, (9%(D)=F(D)x °@>0om-agp(Rm: RY) N, p,), proceeds similarly.
The forms ® and @, pull back to forms 8f,® and 8f, ®, on f*%?(M) and f*GH(M)
respectively and have values in (fy)* Hom (%47, ¥') and (f,)* Hom (947, 95)
respectively.

PRrOPOSITION 2.3.3. Let f: N — M be a smooth map and D a smooth q-dimensional
(q <p) distribution along f.

The restriction of 8f,® to the vertical subbundle V?*: of the tangent bundle
T(f*%°(M)) is an f*%°(M) isomorphism of V®: onto (f,)* Hom (947, 4*). In
particular, V°1(P)y~Hom (P, | P).
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When (97(D), i) is considered as a submanifold of f*%*(M), the restriction of
8(fy o i)® to the vertical subbundle V*1'P of the tangent bundle T(%7(D)) is an
9?(D) isomorphism of V*1'P onto the subbundle

Hom ((f,)*%™%; (f)*¥7|9%(D), (f)*¥*|97(D))
of (f4)* Hom (97, 94)|97(D). In particular
V?1-P(P) ~ Hom (D(p.(P)); P, LP).

In the oriented case corresponding isomorphisms are obtained by restricting
8(fs o i)D, to vertical subbundles.

The proof of Proposition 2.3.3 is a repetition of the techniques used in the proofs
of Propositions 2.3.1 and 2.3.2.

3. Parallel tangent bundle isometries.

3.1 The parallelism of a TBIL. G: T(N) — T(M).

Let g: N*— M™ be a (not necessarily isometric) immersion of Riemannian
manifolds. Let E and F be Euclidean vector bundles over N and M respectively
and let G: E — F be a smooth g-map of vector bundles.

DEFINITION. G is a Euclidean map along g if it maps fibers E(x) isometrically
into fibers F(g(x)). If in addition, E=T(N) and F=T(M) then G is a tangent bundle
isometry (TBI) along g.

If g: N— M is an isometric immersion, then plainly Tg: T(N) — T(M) is a
TBI along g.

A TBI G along g determines a smooth lift G of g into ¥?(M) by the formula
G(x)=(g(x), G(N.)). (Foot points will sometimes be given, for emphasis.) The
reciprocal images of bundles over ¥?(M) under G determine bundles over N;
these are related by a commutative diagram:

F(G) = G*F(M) G, F(M)

ol

@5(G) = G*¥3(M) e, gxm)

(3.1.1) Zl lz
N G g7°(M)
2 lPJ,
M

Here F(G) is F(im G), the bundle of adapted frames of the distribution im G
along g; im G(x)=G(N,)< M,,, for each x € N. ¥5(G) is ¥3(im G), the bundle of
oriented p planes containing im G. ¥3(G) is a two sheet covering of N and will be
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referred to as the orientation covering of N by G. my: F(G) — 95(G) is an SO(p)
x O(m—p) fibration, =, =z o mg: F(G) — N is an O(p) x O(m— p) fibration. Let
(3.1.2) Glexm(u) = (blge) "o G|y, o Tmy(w)
define a 1 form G on F(G) with values in R?. G is a smooth, =;-horizontal, p,-
equivariant 1 form. Let G’ =(G)* be the associated 1 form on N with values in
(G)*%T, the vector bundle associated to F(G) by the representation p,. G is also
mo-horizontal and p,|som) xom-p €quivariant; let G"=(G)* be the associated 1
form on %5(G) with values in (G4)*%%, the vector bundle associated to F(G) by
the representation p,|soyxom-n- Clearly,
(3.1.3) 382G’ = G".
Let u € N,. and choose b=(x, b) € F(G)(x) and @ € F(G), so that T'mii=u, then by
(3.1.2) and (2.2.2a):
G'(u) = (x,b)-(G@) = (x, b)- (bl © Gy, o Tm,(@))
= (x, G|y, @) = gx*(Gw)

where g,: g*T(M)=G*(%") @ G*(%*) — T(M).
(3.1.5) G' = GH9") = {(x,0) eg*T(M)|v € L G(N,) = My}
is the normal bundle of G. The 1 form ® on ¥*(M) pulls back to a 1 form on N;
8G®: T(N) — G* Hom (97, ¥*)=Hom (G*%7, G*).

DEFINITION. The second fundamental form of a TBI G along g is the N vector
bundle map

(3.1.4)

II;: G* — Hom (T(N), T(N))
given by
v<IIGv(w), w’>x = _<SG®(W)G’(W,)a U>a(x)

for w, w' € N, and (x, v) € G(x).

DErINITION. The cross section of G* dual with respect to the inner product to
(trace) o II3: G* — N x R is the mean curvature vector field of G and is denoted
M.C. (G):

{M.C. (G)(x), ¥)gxy = trace (II(v))
for (x, v) € G*(x).

DEFINITION. G is a parallel TBI along g if M.C. (G)=0.

Let g be an isometric immersion and put G="Tg. Then F(G) is the usual bundle
of adapted frames of g and 11, is the second fundamental form of g, see for example
[2, pp. 186-190]. Furthermore, M.C. (G) is the usual mean curvature vector
field of g [9, p. 68]. In particular g is a minimal immersion (see [9, p. 71] or [2, p.
248)) if and only if G is parallel along g.

3.2 The classical case. The sense in which the present use of the word parallel
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extends standard usage is made clear in the following proposition. Let y: (o, 8) — M
be an immersion of an interval («, 8) in a Riemannian manifold M. There is a
natural bijective correspondence between the set of TBI’s along y and the set of
unit vector fields along y. In fact, consider (e, B) with its usual Riemannian struc-
ture in which 9/t is the canonical unit cross section of T((«, B)). For each unit
vector field X along y define a TBI G along y by the formula Gx(9/91(t))= X(t).
Each TBI G along y is uniquely of the form G where X (¢)=G(&/0t(¢)). The corre-
spondence X < Gy is the desired bijection.

PROPOSITION 3.2.1. X is a parallel unit vector field along y if and only if Gx is a
parallel TBI along y.

Proof. Given Gy let Gy: («, B) — % (M) be the lift of y defined in §3.1; G(?)
=span (X(t)). Choose any a € («, B) and b € w7 }(Gx(a)) so that b=(X(a), ez, - . -, €n)-
Let 7 be the horizontal lift of Gy through b relative to the connection ¢; @ @p_;
on F(M) as a bundle over (M) (see §2.3); () =(X(2), ex(2), . . ., ex(2)).

It follows from the definition that Gy is a parallel TBI if and only if Gy is .a
horizontal curve relative to the horizontal distribution K=ker ® on %(M) (see
§2.3). But Gy is horizontal if and only if 7 is a horizontal lift of y relative to the
Riemannian connection ¢=¢; @ ¢n_1 @ @1,mn-1 on F(M). Finally, 7 is a hori-
zontal lift of y if and only if X is a parallel unit vector field along y. Q.E.D.

3.3 w(G), the differential form for parallel TBI’s. The condition for parallelism
of a TBI G along g: N — M can be restated in terms of a vector bundle valued
differential form.

If p=dimension N=1, (G4)*c is a nonvanishing section of (G4)*%% (see §l.1
and the end of §2.2).

If p=dimension N> 1, then (see the end of §2.2) (Gy)*ho A»~X(G") is a p—1
form on %2(G) with values in (G,)*%3.

DEerINITION. If p=1, the mean curvature form of G is the differential one form
w(G) on ¥Y(G) with values in the normal bundle G*, given by

#(G) = 8G,Po( )(Go*cl.

If p> 1, the mean curvature form of G is the differential p form u(G) on ¥5(G)
with values in the normal bundle G, given by

#(G) = [8G Qo] A zoes [(Ga)*ho AP~H(G")]
where S is the natural bilinear pairing
Hom (%43, %) ® 97 — 9§
(see §1.1 and (1.2.1)).

PRrOPOSITION 3.3.1. A TBI G along g is parallel if and only if the mean curvature
form u(G) vanishes identically on the orientation covering 9%(G).
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Proof. Let p=1. Since Tz: T9¥G) — T(N) is surjective, SG® vanishes if and
only if 8z8G® = 8G,8z® = 8G, D, vanishes. But the vanishing of 8G® is equivalent

to parallelism.
Suppose now that p> 1 and that x € N. Let P* =(x, G(N,)*) € 9%(G). Choose a
basis vy, . .., v, of ¥5(G)p+ so that Tz(v,), ..., Tz(v,) is an orthonormal basis of

N, and
(%) G'(0) A - A G'(v,) = + = (Ga)*c(P*) € AX(GL)*F5(PY).
By the fact that 8z® = ®, and (3.1.1) it follows that 8(z o G)®=8G,®,. Thus

zz'(M.C. (G)(x)) = —z4? ‘2 3GO(T=z(v))[G'(Tz(v))]

Z’ 258G O(T2(0)) (25 *G (T=(v)]
- i 5G4 Do(0)[G"(®)] by (2.2.4) and (1.2.1),
(; 11);, i (= 1)+ 23G, @o(0)[(Ga)*h oAP~2G" (s, . .., By .. .. B3)]
- EL w6 0. QE.D.

For the remainder of this paper proofs will be carried out only for the case
p> 1. Nonetheless, the case p=1, which corresponds to the classical theorems,
can be proved by the methods that follow using the mean curvature form with
p=1 in the definition above.

4. Minimal embeddings.

4.1 (w§, p), the differential forms for a minimal immersion. Define a differential
p form p on 95(M) with values in 3§ by the formula

=@ As(ho AP~ w)).
For the definitions of @y, w}, w§ see §2.3. For S see §3.3.

PROPOSITION 4.1.1. (a) Let g: N* — M™ be a minimal immersion. Put G=Tg.
Then (9%(G), G) is an integral manifold of the pair (w§, p) on 95(M). (See diagram
3.1.1).)

(b) Conversely, suppose that (N®, inclusion) is a p-dimensional integral manifold
of (wi, p) which is A, invariant (see §2.2) and intersects each p,-fiber of 9%(M) in at
most two points. Then po(N?)=N? is a submanifold of M, (N?, inclusion) is a
minimal embedding and NP® is the image of the orientation covering of N*® by
G =T (inclusion) under the map G,.

Proof. (a) For any isometric immersion g, with G=Tg, (¥5G), G,) is an
integral manifold of w§ because pyo Gy=p,°zoG,=goz in diagram (3.1.1)
(see (2.3.5b)).
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For any isometric immersion g, with G=Tg, 8Gu=pu(G). In fact, it suffices to
ShOW that 36*w3'= G”. In (3. 1. 1), F(G)= G*F(M)= (G*)*F(M) SO myo (G_*)*
=gom: F(G) - M. Thus

8((Go)w)wp = (blzr) 1o Ty o T(Gy)s) = (blgr) ' o GoTm

so that 8((G)s)w, = G, by (3.1.2). Since (G)*= G” and w,* = w} it follows from (1.2.5)
that
8Gywf = [M(Ga)w, )t = G

Hence 8G .u=p(G). Part (a) then follows from Proposition 3.3.1.

(b) Since N is transversal to fibers and 4, invariant, N is a submanifold of M.
Consider the inclusion i: N — M as an isometric embedding so that G=Ti is a
TBI along i. Since N is a p-dimensional A,-invariant integral manifold of w}
that intersects the fibers of py!(N) in exactly two points, N is the image of the
orientation covering of N by G under the map G,. For if P* € N, N, +,=P. Asin
(a) u(G)=38G . Since N is an integral manifold of u, G is a parallel TBI along i
by Proposition 3.3.1. Hence (¥, i) is a minimal embedding. Q.E.D.

4.2 The regular integral planes of (wg, p). Let P* € 93(M) then I(wg, P*) is an
ideal in the Grassmann algebra A(%5(M)p+)* (see §1.3).

LEMMA 4.2.1. I(w§, P*) is generated as an ideal by the space of one forms
(@) (F5(P*)* = AZY(M)p+)*
and the space of two forms
(Po As Q) (Fo(P*)* = AHGY(M)p+)*
(where t denotes transpose).

Proof. Choose a neighborhood # of P* € ¥5(M) and a section x: % — F(M)
such that

(* Tx(98(M)p+) = H((P*)) = H((P*))+Ker (9, @ @m-n)(x(P*))

(see §2.3). By the identification (1.2.3), #§%§=F(M) x R™~? so that ¥ determines
a local vector chart for ¥§ over %:

Fbla = x*n5F5 = x*(F(M)x R"~?) = U x R">.

In fact, if 7y, ..., 7, are the canonical sections of F(M)x R™~?, then x*r,...,
X*rm-pspan 9§ over % and x*r(Q*)=x(Q*)-r, for all Q* € . By equation
(1.2.9),

dmows = wp, dmws = wy_p, and SmeQo = @p;m-p,
so that

w(’)'IQ = stﬂowg = sxwpa wél%’ = sxwm—p and (I)OIW = SX‘Pp,m—p'
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There are 1 forms !,_, on F(M) and 1 forms w§' on % such that

m-p
-p = Z wﬁ,,_,,i"; and wolty = Z’w *r‘
i=1

So
m-p
Z whx*F, = whla = Sxwn_p = > Sx(wh_)x*h.
i=1

Hence I(wg, P*) is generated as an ideal by the 1 forms
ot = dx(wh_p), i=1,...,m—p,
and their differentials
d(w5') = déx(wn-,) = xd(wh-5),
By (2.3.3b),

-
Il

1,...,m—p.

m—
—Pom-p» N Q= Pm_pm-p N On_p = dwm-p = i (dw:n-p)fl
i=1

m-p

D, d(wh_p)F.
i=1

By (%), at P*

m=
- ZP (Do A )x*fi = —Po A 0f = —x(Ppm-» N wp)
i=1

= Sdumy = > Sxd(whp)x*F
i=1

Hence d(w$)= — (P Aw}), i=1,...,m—p. Q.E.D.
Suppose that E‘= Z5(M);p+, 0<q <p—1, is an integral g plane of w§ which is
complementary to the vertical. Define

Q=TpE<P<M, and U=PnA |Q.

Under the isomorphism, Proposition 2.3.1, ®y: V?o(P*) — Hom (P, | P), V?o(P*)
decomposes into a direct sum of the subspaces

o« = O3 Hom (U; P, ] P) and B = ®y'Hom (Q; P, | P).
Let
v = (Tpo) *U N Ko(P*)  (see §2.3).

There is a direct sum decomposition
(Tp) 'P=E' @y Da DB
LeEMMA 4.2.2. (a) With E“"<95(M)p+ as above,
H(E*, wg) = E* @ Graph L, @ B < (Tpo) P
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where L,: v — « is the unique linear transformation such that

D o Lo(0)(@5(®)) = Po(u)(wi(v))
for every v ey and u € E*. In particular, dim H(E?, w§)=p+(p—q)(m—p) and E?
is a regular integral plane of w}.

(b) Put g=p—1 in part (a). E*~* is an integral plane of n. Let {v,, ..., v,_1}
be a basis of E*~' and {v,} a basis of y such that Tp,v,, . . ., Tpev, is an orthonormal
basis of P and Tpov, A - - - ATpov,= +. Then

H(E?"Y, (wg, p)) = E*~* @ Graph (L, ® Ly)

where L, ® Ly: y — o« @ B, L, is as above and L;: y — B is the unique linear trans-
Jformationsuch that

® o Ly,)(wd(@,) = — 2 Bo(0)(w30)).

In particular, H(E?~*, (w§, p)) is a p-dimensional complement to the vertical and
E?~1 is a regular integral plane of (w§, p).

Proof. (a) Each w € (Tp,) ~'P may be written uniquely as
w=e+v+a+beE "Dy PDa®B.
By the preceding lemma, w e H(E?, wg) if and only if w € Ker wi=(Tp,)~*P and

w € Ker i(u)(®, Asw?l) for each u € E9. Thus w e H(E?, w$) if and only if, for each
ue E9,
0 = @y As (U, w) = Oy As wl(u, e+v+a+b).

Since E? is an integral plane, v is horizontal, a+b is vertical and «{(u) € Q, the
last statement is equivalent to P@(u)(w?(v))=Dy(a)(wi(u)) for each ue E? or
a=L,(v). The regularity of the integral plane E? follows from the above using
induction and the fact that integral planes complementary to the vertical are
open in the set of integral planes.

(b) H(Ep—l’ (wé’ “))=H(E?_1’ wé) N Ker i(le e Avp—l):u" Thusa
w e H(EP~?, (w5, 1))
if and only if

w = e+cv,+L(cv,)+be EP~ @ Graph L, ® B
and

0=1i(; A -+ A vy_)u(w).
Equivalently,

0==®; Agho AP w{(vy, ..., 0,-1, ct,+L(cv,)+b)
_ pi: (= D100k 0 AP~ 2080y, . . ., Biy - - Bp—1, €0+ Lalcty) +B)]
- + (= 1P 1®y(cv, + Lo(cvy) + b)(h o AP~ 20l(vs, . . ., v,_4))
= 1=t [¢ 3 0o i)+ OBXaTo)|
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since wj(v,) € Ker @, 0 L,(v,). Equivalently,
p—-1
—c > Poo)@i(®) = Co(b)wi(@,)
i=1

or b=L(v,). Regularity of E*~* follows as in part (a). Q.E.D.

4.3 The local existence and uniqueness of minimal embeddings.

LeMMA 4.3.1. If E*C%5(M)p+ is an integral p plane of (w§, n) complementary
to the vertical, then so is TA,EP< 9%(M)p-.

Proof. Let vy, .. ., v, be a basis of E? such that Tpy(v,), . . ., Tpo(v,) is an ortho-
normal basis of P< M, s, with

Tpo(v1) A -+ A Tpo(vy) = +.
Choose be F(M)P*) and o, ..., b, € F(M), such that Tny(@)=v, i=1,...,p.
Let o € O(p) x O(m— p)< O(m) where o;;=(—1)°“P.8(i, j) [8(i, j) is the Kronecker
Delta Function]. Then bo € F(M)(P~), o o ry=Ag © mo 50 that {Tmo(Tr,5,) = TAo(vy),
i=1,..., p} span TA(E®) and po=py o A, so that
Tpo(TAo(v1)) A -+ A Tpo(TAo(vp-1)) A Tpo(TAo(—0p)) = —.
Since @, -, is Hom (p,, p,—p) €quivariant and w, is p,-equivariant, it follows
that for each i and j,
Po.m—p © Tro(0)[wy(Tr,5;)] = dr o®Pp,m - p(01)[87 ;0,(5)]
= 07} gm-20 @y m_p(B) © 0 gel0 7|7 0 ()]
= ‘Pp,m—p(ﬁt)[wp(ﬁf)L

By Lemma 4.2.1, the (wg, p)-integrability of E? and TA(E?) is equivalent to the
vanishing of w§, ®, Asw] and p on these planes.

Since (equation (2.3.5b)) w§|»+ =(projection on P) o Tp,=w§|ps- and po=py o Ao,
the vanishing of w§ on E? implies that it also vanishes on TA4,E?.

Since, on E?, for all i and j,

0 = @ Aswi(vi, v)) = Po(vy)[wF(v)]— Po(v)[wi(v))]
= b [pp,m- (BN @p(7))) — Pp,m - o0 ) @5(B))],
it follows that on T4,(E?), for all i and j,
Qo As wi(TAovi, TAov;)
= b-[@p,m- o(Trs0)@p(T1587)) = Pp,m - o(Trs0)(@p(Trs8))] = O,

so that TAy(E?) is an integral plane of wg.
Since, on E?,

0 = p(oy .. 2 0) = (~ 1P p—D! S Goo)[wi(v)]

i=1

= (—1p*(p—1)1b- [ s %.m-,,(m)(wp(a,))],

i=1
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it follows that on TA(E?),
wW(TAy(1), . . .., TAo(vy-1), TAx(—1,))
= <D0 3 T8 (T |
=0, =
so that TAy(E?) is an integral plane of (wg, p). Q.E.D.

THEOREM A (p). 4.3.2. See [9, pp. 71-72]. Let (N*~1, i) be a homeomorphically
embedded submanifold of the Riemannian manifold M™. Let D: N*~* — 9*(M)
be a p-dimensional distribution along the inclusion i that contains the tangent planes
of N*~1 j.e. Ti(N2~Y)< D(x) for all x e N*~1.

Then assuming that the data is real analytic, for each x, € N®~1 there is a neighbor-
hood % of x, in M and a unique minimally embedded p-dimensional real analytic
submanifold N of M that extends the initial data:

(1) Co(N*"*NU)=Nr<,

(2) N2=D(x) for all x e C,(N*~* N %),
where C.(N?~1 N %) is the connected component of x, in N*~* N 4.

Proof. D*@5(M) is a two fold cover of N?~! and
N?-! = D(D*%5(M))

is contained in ¥3(M) as a (p— 1)-dimensional integral manifold of (wg, i) that is
transversal to fibers. Given x,e NP1, fix P*=D(x,)* e N°~! and let E?~!
=(N?-1)p+. By Lemma 4.2.2(b), EZ~! is a regular integral plane of (w, ») and
H(E?-1, (w$, u)) is a p-dimensional complement to the vertical. By the Cartan-
Kahler Theorem 1.4.1 there is a neighborhood %, of P* in ¥3(M) and a unique
p-dimensional integral manifold N% of (w3, n) passing through P*, contained in
%, and containing the connected component of N*~1 N %, through P*. Assume
that %, is sufficiently small so that N2 projects, under p,, diffeomorphically onto
its image; thus N2 N Ay(N?%) is empty. Let P~ =A,P*, EP"1=TAE?™', U_=
Ao(%.) and N® = A,(N%). By Lemma 4.3.1, N? is an integral manifold of (g, w).
By the uniqueness in Cartan-Kahler (at E2-1), N? is the unique p-dimensional
integral manifold of (w§, ) passing through P, contained in %_ and containing
the connected component of N*~1 N %_ through P~. Let N°=N% u N?. By
Proposition 4.1.1 N?=py(N?) is a minimally embedded submanifold of M. N?
extends the initial data on % =p(% ). Uniqueness follows from the Cartan-Kahler
Theorem again. Q.E.D.

5. The existence and uniqueness of parallel TBI’s.

5.1 The bundle of partial data. In order to investigate the existence and unique-
ness of parallel TBI’s along g: N* — M™ it will be necessary to deal with two types
of initial data. One type is called partial data. To be precise let D be a smooth
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(p—1)-dimensional distribution on N? and let D also denote the (p — 1)-dimensional

subbundle of T(N) that it determines. Let G*~: D — T(M) be a smooth Euclidean

map along g. The pair (G?~1, D) is the partial data. Given (G?~?, D), the problem

is to determine those parallel TBI G along g such that G|,=G?~'. According to

Theorem B (p) of §5.4, these extensions of (G !, D) are parametrized locally by a

second type of initial data given along a codimension one submanifold of N?.
Given (G*~1, D) let

F(G*~') = F(im G*~Y) < g*F(M)
as in §2.3 where im G?~! is the distribution along g:
im G*~(x) = G*~}(D(x)) < My

for all x e N?. i: F(G?~') — g*F(M) is a reduction of the group of g*F(M) as a
bundle over N to the subgroup O(p—1)x O(m—p+1). Similarly, ¥5(G??)
=¥5(im G*~1) is included, i: ¥5(G?~!) — g*¥5(M) as a subbundle over N. In
addition, i(F(G?~1)) is contained in g* F(M)|95(G?~*)=i*g*F(M) and reduces the
group SO(p) x O(m—p) of i*g*F(M) as a bundle over ¥§(G”~*) to the subgroup
ST(p—1, p). 9°(G*~*)=%?(im G*~!) has similar properties.

To each (x, P*) e ¥5(GP~1) there corresponds exactly two linear isometries
N, — P whichextend G*~1: D(x) — M. The set EZ5(G? ~*) of all such extensions
for all (x, P*) € ¥5(G?~1) is in a natural way an O(1) bundle over (hence, a two
fold covering of) ¥3(G?~1). E45(G?~1) is the bundle of (the extensions of the)
partial data. The bundle projection n: EZ5(G?~*) — %5(G*~!) is the map (x, P*,
extension of G?~ |, to N,— P)—> (x, P*). The bundle structure is obtained
in the following manner. For any (x, P*) € ¥5(G? 1), choose a neighborhood %
of (x, P*) on which there is both a smooth section x: % — F(G?~?) (x(x, P*)
=[x, P*, e,(%, P*), ..., en(X, P*)]) and a smooth unit vector field Y on py(%)
< N?, such that Y is orthogonal to the distribution D. Define

pa: O XU —n~ (%)

by ¥a(l, X, P*)=(%, P*, G,) and p(—1, X, P*)=(x, P*, G_) where G, and G_
are the two extensions of G?~1: D(X) — Mz, to isometries Ny — P and G, (Y (%))
=e,(%,P*) while G_(Y(¥))= —e,(x, P*). Declare the bijection i, to be a diffeo-
morphism and construct a bundle structure using such maps i, as the strip
maps.

7*F(G?~1') can be identified with #¥EZ3(G*~1): [(x, P*, G.), (x, b)] < [(x, b),
(x, P*, G,)). 7*F(G?~?Y) is thus a ST'(p—1, p) principal bundle over E43(G"~ ')
with projection m, and an O(1) bundle over F(G?~') with projection 7.

The preceding discussion is summarized in the following commutative diagram
in which the vertical maps are all bundle projections, i is inclusion and [ is the
identity:
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/’_l—\
P*F(GPY) —5 F(GP~1) —» g*F(M)|93(G7~1) —*> g*F(M) £ F(M)
R Y

E93(G*1) —1> 95(G”Y) GyGP-Y) —— grarM) 22 gy(M)

Po Do Po Po
G.1.1) }I I __, }/ ! 1lv g All/

The notation in this diagram together with the abbreviations

(5.1.2) k = poon: EZ5GP-1) —> N
and
5 = gxoion: EZYG") — FH(M)
will remain in force for partial data (G?~1, D) for the rest of this section.

5.2 u(G?~Y), the differential form for a parallel extension. Define a 1 form 7 on
»*F(G?~') with values in R” by the formula

(5.2.1) Tex,5,6 4 = (Bgp) ™10 Gy o T(mg 0 my)

for (x,b,G.)=[(x,P*, G,)(x, b)l e n*F(G"~'). A routine computation shows
that 7 is smooth, it is m,-horizontal since Ker Tmy<Ker T'(m; o ). 7 is equivariant
with respect to p,|srp-1.p Since

Po(0 ™ )T x,0,6 () = 67 gpo (b]gr) 1o G o T(ma 0 my)(v)
= (bolgr) 1o G4 o T(mz o my) o Try(v)
= Tl(x.ba,a +)T’a(v) = sraTI(x,b.G +)(l’)

for all v € n*F(G?~')x,0.¢,) and o € ST(p—1, p). Let +# be the associated 1 form
on E¥3(G?~ ') with values in s*%}, the vector bundle associated to n*F(G?~') by
the representation p,|srp - 1,5 Suppose that u € EZ5(G” =)+ ¢ ,,; choose (x, b, G .)
en*F(G"~")(P*, G.) and pick @ € n*F(G?~)x,b,¢ ,) 80 that Tmyii=u. Then
™u) = (x, b, G.)-(v(@))

= (x, b, G) [(B]gr) " 0 Gy o T(my 0 ns)(#0)]

= (x,b,G.) [(B]w) " o Gy © T(po ° n)()]
so that

(5.2.2) T#l(p""a = G+ o Tk

under the identification s*¢3(P*, G.,)=P, of §2.2.
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DEFINITION. u(G?~?Y), the differential form for a parallel extension of (G*~*, D)
is the p form on E¥5(G? 1) with values in s*%§ given by the formula

[-L(Gp_l) = Ssq)o /\sos (S*ho Ap_l‘f#).

This terminology is justified in the next proposition.

Suppose that G is a TBI along g that extends (G*~%, D) so that G|,=G?~1.
Refer to diagrams (3.1.1) and (5.1.1). The map Gy: %4(G) — ¥5(M) factors into
the map d: 93(G) — 45(G?~1Y); (x, P*) — (x, P*) (where P=G(N,)), followed by
gxoi: FYGP 1) — ¥B5(M). d lifts to'a map

L: 9§(G) —~ EZ§G""Y); (x, P*) > (x, P*, Glx,)

followed by 7. Finally, the reciprocal image L*p*F(G?~!) is included in F(G), in a
natural way, as a submanifold i: L*y*F(G?~ ') — F(G); (x, P*, G|y, b)— (x, b).
As a fibration over #3(G), L*n*F(G”~*) reduces the group SO(p) x O(m—p) of
F(G) to the subgroup ST'(p—1, p). The commutative diagram below summarizes
this information:

FG) <= Leq*FGr-1) L2 RGP~

b, b

936) L — 936) —L— E93G"Y)

(5.2.3) X l,,

Gx 2(G?Y) s
lgt ol
(M)

Let A,: EZ5(G?~) — E%%(G® 1) be the antipodal map (involution); (x, P*, G.)
—(x, P~, G,). Then (¥5G), L) is an A,-invariant submanifold of E#5(G”!)
that intersects each fiber (k)~1(x), x € N?, in exactly two points. Conversely, if
(N, inclusion) is a p-dimensional, A,-invariant submanifold of E#3(G*~*) that
intersects each fiber (k)~1(x), x € N?, in at most two points, then k(N?) is an open
submanifold of N®. Furthermore the formula

(5.2.4) G(x) = G,
where x € k(N?) and (k)~*(x)={(x, P*, G,), (x, P~, G,)} defines a TBI G that
extends (G?~1, D) along g, and N” is the image of ¥3(G) under the lift L.

PROPOSITION 5.2.1. Let (G*~*, D) be partial data along g: N* — M™.

(a) Suppose that G is a parallel TBI along g that extends the partial data;
G|p=G?~1. Then(%%(G), L) is an integral manifold of the form u(G®~*) on EZE(G?1).

(b) Conversely, suppose that (NP, inclusion) is a p-dimensional Ag-invariant
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integral manifold of n(G?~?*) that intersects each fiber (k)™ '(x), x € N? in at most
two points. Then the TBI G defined by (5.2.4) is a parallel extension of the partial
data (G*~*, D) along g|.x», and N? is the image of the orientation covering of
k(N?)= N? by G under the lift L.

Proof. (a) For any extension G of the partial data (G?~%, D) it follows that
w(G)=38Lu(G?~1). In fact, it suffices to show that G”=8L(+#). But, by (3.1.1) and
(5.2.3),

8Ly7|(x.av 0t Gin00(H) = (b]re) "1 o G|y, T(wz 0 My o Ly)(w)
= (blz?) "1 o Gy, Tm(w) = Glex®),
50 that 8Ly7= G| eperr-1,- Thus by (1.2.5) and §3.1,
G = (G|pepr-v)t = (BLy7) = SL(7#).

Hence u(G)=8Lu(G? 1) and part (a) follows from Proposition 3.3.1.

(b) This follows from the discussion preceding the proposition, the fact (proved
in part (a)) that uw(G)=8Lu(G*~*) and Proposition 3.3.1. Q.E.D.

5.3 The regular integral planes of w(G?~'). Diagram (5.1.1) and equation
(5.1.2) determine the following commutative diagram

EZE(G"Y)

[l

() P LN 7§ V))

\\ },po . }lpo

By Proposition 2.3.3, for each (x, P*) € 95(G? 1), 8(gy o i)®@, sends the vertical
subspace VPom@~Y(P+) jsomorphically onto

Hom ((g4)*%57"1; (g« 0 i)*%3, (g« 0 i)*%s)(P*) = Hom (G?~Y(D(x)); P, LP).

Since 7 is a local diffeomorphism, the formula
V"(x, P+, G.,.) —_ (Tn)~1(Vp°,lmGP—l(P+))

defines a smooth m—p [=dim ¥5(R™, R*~')] dimensional distribution V* on
E%5(G?~1). V* will be called the vertical distribution since V*=Ker Tk. Thus for
each (x, P*, G,)e E95(G?~1), 8s®, sends the vertical subspace V*(x,P*,G.)
isomorphically onto

Hom (n*[(g)*¥5"~']; s*95, s*%5)(x, P*, G,) = Hom (G*~}(D(x)); P, LP).

In particular, K=Ker 8s®, is a smooth p-dimensional distribution and it is
complementary to V*. K will be called the horizontal distribution of EZ5(G?~*).
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LeMMmA 5.3.1. Suppose that y=(x, P*,G.)e E9%G?~') and that E?-c
EGY(G?~1), is a p—1 plane complementary to the vertical and

) TKEP-* (| D(x) = {O}.

Let vy, ..., v,_; be a basis of E*~* and v, € K(y) such that Tkv,, ..., Tkv, is an
orthonormal basis of N, and

(%) G, .Tk(w)) A -+ NG, Tk(v,) = + (= 7#v) A -+ A 7#(v,), by (5.2.2)).
Let y=Span {v,}, so that there is a direct sum decomposition
EGYG™™Y)y = EP1 Dy @ VX))
Then
H(E?™!, (G”~1)) = EP~' @ Graph L, = EF3(G"™Y),

where L,: y — V*(y) is the unique linear transformation such that

p—-1
8sDg o L(0p)(rH(v,)) = — > 8sDo(0)(rH(v)).
i=1
In particular, H(E?~*, u(G*~Y)) is a p-dimensional complement to the vertical and
E?-1 is a regular integral plane of n(G?~1).

Proof. Each u € E9§(G?~'), can be uniquely expressed as u=e+cv,+a where
ee EP~1, cisreal and a e V*(y).

ue H(EP™ Y, w(GP™ 1Y) = Keri(vy, ..., v,_1)w(GP™Y)
if and only if
0 = w(G)(vy, - - -, Vp-1, e+ CO,+a)
= 85@y Ags(s*ho AP 1e#)(vy, ..., 051, cO,+a) (by (%))
= 1P oDt [e 3, B0)AOII+ 50w

= (= D"+ (p— D! [8sPo(a— Ly(cvp))[7H(v,)]]-
Equivalently,
! #(v,) € Ker [8s®o(a—Ly(cv,))].

But (*) is equivalent to Tk(v,) ¢ D(x) or #(v,)=G . Tk(v,) ¢ G .(D(x))=G?~*(D(x))
or 7#(v,) e Ker [8s®y(v)] if and only if v=0. Hence wu=e+cv,+ae
H(E?~1, w(G*~Y)) if and only if a=L,(cv,).

It remains to prove the regularity of £7-1. Since u(G®~?) is a p form every E9,
g=p—2,is a regular integral plane. Thus it is sufficient to prove that

dim H(E?~*, w(G*™1)

is constant in a neighborhood of E?~1. But a neighborhood of E?~! may be taken
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to be the set of p—1 planes that are complementary to the vertical, V¥, and whose
projections intersect the distribution, | D, only in the zero vector at the foot point.
But on such a neighborhood, as has been shown, H(E?~1, u(G?~1)) is constantly
p-dimensional. Q.E.D.

5.4 Theorem B (p). Let Ay: E5(GP~ ) — E9¥G*~Y); (x, P+, G )—~>(x,P7,G,)
be the antipodal map defined in §5.2.

LemMMA 5.4.1. If EPS EGE(GP~ ) x.p*.¢,) is an integral p plane of n(G*~*) and is
complementary to the vertical, then the same is true for

TA(E?) = EGYG" Vix,p~ .04

Proof. »*F(G”~!) has the structure of a principal O(p—1)x O(m—p+1) x O(1)
bundle over N with projection w;o7,. In fact, let pa: O(p—1)x O(m—p+1)
XU — 73 (%) be a strip map for F(G®~') over Z< N and let Y be a unit vector
field on % that is orthogonal to D. Then define a strip map for n* F(G?~') over % by

Ga: O(p—1)x O(m—p+1)x O() X U — (mg 0 n3) U

by
pa(o, £1, x) = (palo, x), G )

where G, and G_ are the extensions of G?~!|,,, to isometries N, — pa(c, x)(R?)
such that G,(Y(x))= +e,(o, x)= + [the pth vector in the frame ga(o, x)]. Thus,
(x, b, G Yo, £1)=(x, bo, G.) and the right action of ST'(p—1, p) on »*F(G?~?)
as a principal bundle over E45(G”~1) is obtained by restricting the action of
O(p—1)x O(m—p+1)x O(1) to the subgroup ST'(p—1, p) x{1}. Let

A: O(p—1D)xOm—p+1)x 0(1) = O(p—1) x O(m—p)

be the projection map.
As in the proof of Lemma 4.3.1 fix ce I'(p—1, p)—ST(p—1, p) where o,
=(—1)%®P.58(, j). If (x, b, G,) € n*F(G?~*) then b(R?)=bo(R?) but

APBY(ry A -+ A1) = —AP(bo)(ry A -+ A 1),
hence
M o0 Fg,1y = Ao © ot W*F(G?Y) — EGH(G*Y).
Referring to (5.1.2) and letting
§ = guoixonu: n*F(G*~Y) — F(M),

it follows that §o r,,1,=r, o 5. Consequently by the Hom (p,, pn,-,) equivariance
of @pm—p:

(In 87,1959, m-p = Hom (py, prn—p) ° A(e™2, 1)85p, - p-
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Furthermore, in the same manner as the equivariance of = was proved in §5.2,
it can be seen that

(III) 8,157 = ppoAla™1, 7.

The lemma now follows from (I), (II), and (III) by using the same technique as
in the proof of the Ay-invariance of the integral p-planes of p in Lemma 4.3.1.
Q.E.D.

Let (G*~%, D) be partial data along g: N* — M. Let (N?~%, i=inclusion) be a
submanifold of N? and G?: i*T(N?) — T(M) a Euclidean map along goi. GP~1
induces a map G* "o i,: i*D — T (M) along g - i. (G* %, D) and G are compatible
if G?|op=G?" 1o i,.

THEOREM B (p) 5.4.2. Let g: N* — M™ be an (not necessarily isometric) immer-
sion of Riemannian manifolds. Let D be a (p—1) dimensional distribution on N*
and (N*~1, i=inclusion) a homeomorphically embedded submanifold of N*® transver-
sal to the 1-dimensional distribution | D. Suppose that

G?~1: D — T(M) is a Euclidean map along g,

G?: i*T(N?) - T(M) is a Euclidean map along g o i and (G*~*, D) and G® are
compatible.

Then, assuming that all the data is real analytic, there is a neighborhood % of
N?~1 in N? and a unique real analytic parallel TBI G: T(%) — T(M) that extends
the initial data

G|p = G*°~': D—> T(M) along g|a
and
Goiy = G?: i*T(N?) — T(M) along g - i.

Proof. G” determines a lift G?: N?~! — %?(G?~*) (see §5.1 for the definitions);
x> (x, GP[i*T(N?)(x)]). N?~1=(G?)*¥5(G?~') is a two fold cover of N?~1,
Since G?~! and G” are compatible, there is a lift I: N*~! — EZ3(G?~1);

(5, GV > (3, GLAT(N)RT*, 67 i ).

Thus the following diagram commutes:

EZ3(G*Y)
n
g8(G")

¥4
r

(G")*?g(GP - 1) = N?-1 gp((;ﬁ - 1)
lz G’ 41

A\ 4
NP1

N?
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The proof of the local part of the theorem will proceed in the same way as the
proof of Theorem A (p) 4.3.2. Let x, € N*~*< N* be given and choose

Y+ = (%o, G?[I*T(N?)(x0)]*) € N~ (o).

E?'=TI(N37) is a p—1 plane complementary to the vertical. Tk(E%™Y) N
1 D(x,)={0} because of the transversality assumption and the commutativity of
the diagram above. By Lemma 5.3.1 E%~! is a regular integral plane of w(G?~1)
and H(E% ™!, w(G?™Y)) is a p-dimensional complement to the vertical V*(I(y.)).
By the Cartan-Kahler Theorem 1.4.1, there is a neighborhood #, of I(y.) in
E%5GP~1) and a unique real analytic p-dimensional integral manifold N?% of
w(G?~1) passing through /(y,), contained in %, and containing the connected
component of /(N?~Y) N %, through /(y,). Assume that %, is sufficiently small so
that N% projects diffeomorphically under k onto its image, #*o. In particular
N?% N A,N?% is empty. Let y_=(xo, GP[i*T(N?)(x,)]*) be the other point of
NP~ Y(x0); Aol (y+)=1(y_). Let E»"*=TALE?"', U_= A\, and N® = A,N? . By
Lemma 5.4.1, N” is an integral manifold of u(G”~'). By the uniqueness in the
Cartan-Kahler Theorem, N” is the unique p-dimensional integral manifold of
w(G?~1) passing through /(y_), contained in %_ and containing the connected
component of /(N?.) N % _ passing through /(y_). Let N>=N? U N”. By Prop-
osition 5.2.1(b) the tangent bundle isometry G=G*o defined by equation (5.2.4)
is a parallel extension of the partial data G®~! along g|4~.. Furthermore N? is the
image of the orientation covering of #*o< N? by G*o under the lift L (see diagram
(5.2.3)). In particular, G*o extends the initial data G* along the connected component
of %*o N N?~1 through x,. The uniqueness of the solution G* on #*o follows
again from the Cartan-Kahler Theorem.

Using this local uniqueness of a parallel extension of the initial data together
with the assumption that N?~1 is homeomorphically embedded, it is a routine
matter to construct a neighborhood # of N?~! in N? with Z <\, env-1 U0
and a unique parallel TBI G along g|4 extending the initial data such that
G|anaxo=G%o|yn~uxo for each x, € N°~1. Q.E.D.
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